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Abstract: In recent years, many researchers have attempted to model the solidification process of
nano-reinforced materials. In the present document, the effect on the heterogeneous solidification
regime of the different sizes, shapes, and chemical compositions of nanometric ceramic particles in an
AlSi10MnMg alloy is studied. This article develops a mathematical model to predict the solidification
behavior of a general nano-reinforced alloy, then validates the results using experimental techniques.
The main objective of the model is to minimize the costly and time-consuming experimental process
of fabricating nano-reinforced alloys. The proposed model predicts the critical Gibbs energy and the
critical radius required for nucleation in the heterogeneous solidification regime. Conversely, the
experimental part focuses on understanding the solidification process from the differential thermal
analysis (DTA) of the solidification curves. It was concluded that if subcooling is involved, cubic and
pyramidal particles work better as nucleating particles in the studied alloy.

Keywords: heterogeneous solidification; modeling; shaped particles; mechanical properties; titanium
carbide; alumina

1. Introduction

In the last few years, the automotive industry has promoted the development of
lighter materials with better mechanical properties, seeking economic, environmental, and
political benefits. Therefore, research is needed on the improvement of lighter materials as
a way to lower fuel consumption, which will enable a drop in pollutant gas emissions [1].
One way to meet this challenge is to introduce ceramic nanoparticles into a lightweight
alloy to modify the final microstructure of the material, with the purpose of improving
its mechanical properties [2,3]. To achieve improvement in the mechanical properties of
metal materials i.e., strength and ductility, nanometric particles have proven to be a feasible
approach for obtaining the required result [4].

The process used to improve the mechanical properties of the aluminum alloy consists
of introducing nanometric particles into the material before casting so that the particles act
as solidification germs of the α-Al phase. By locating the nanoparticles in this phase, two of
the relevant mechanical properties, i.e., the strength and the ductility, can be enhanced due
to the grain refinement of the microstructure. Therefore, it is necessary to quantify how
much the incorporated nanoparticles can act as heterogeneous solidification germs. Among
the factors that most influence the effectiveness of the particles are their size, shape, and
surface properties [5,6].

In metallic alloys, the nucleation process is understood as the beginning of a phase
transformation in a small region [7,8]. In this process, atoms come together and organize
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themselves to move from the liquid phase to a solid phase. For the nucleation process to oc-
cur, small embryos must first form. As these embryos reach the critical radius, they will tend
to form a stable nucleus, which grows to create a crystal. Otherwise, the atoms or molecules
separate, dissolving back into the liquid. Based on the model that other researchers have
developed for the study of nucleation from spherical particles, it was considered desirable
to study the effect of introducing differently shaped particles, i.e., cubic and pyramidal
forms [9,10]. Currently, with the boom in the development of new nanoparticle-reinforced
alloys using particles of different geometries, it is interesting to extend the spherical model
to other shapes, such as cubes and pyramids. The influence of geometry on heterogeneous
germination has yet to be properly understood. In earlier studies, a framework for mod-
eling coupled nucleation, growth, and coarsening in diluted alloys, based on different
methods, has been developed [11–16].

In the present work, with the aim of understanding the influence of introducing
different ceramic particles into a liquid aluminum alloy, a model for different particle
shapes and sizes has been developed. With the model, the critical Gibbs energies for each
reinforced alloy can be obtained so that spherical, cubic, and pyramidal particles can be
compared. In cases in which the needed energy for nucleation is less than that of the
homogeneous material, the particles are going to behave as a solidification germ. Moreover,
the influence of introducing nanoparticles on the solidification curve has been studied,
for which DTA has been carried out. In the case of spherical and cubic nanoparticles, the
mathematical model is validated using experimental results. In the case of pyramidal
particles, only the mathematical model is shown. The experimental development was
performed on two different samples of AlSi10MnMg alloy, one of them alloyed with cubic
TiC and the other with spherical Al2O3 ceramic nanoparticles. The developed mathematical
models predict the critical Gibbs energy and the critical radius that the nuclei must achieve
to initiate stable nucleation. The model allows predicting nucleation behavior as a function
of the shape, size, and chemical composition of the introduced particles.

2. Materials and Methods

The Thermo-Calc software (v. 2020, Thermo-Calc Software AB, Stockholm, Sweden)
was used in conjunction with the TCAL7 thermodynamic database to calculate the non-
equilibrium solidification properties of the alloys [17]. The AlSi10MnMg ingots were melted
in a silicon carbide crucible, heated in an electric resistance furnace that can hold up to
3 kg of aluminum alloy. The stir-casting process [18] was used to introduce the nanometric
ceramic particles to the AlSi10MnMg alloy. The process consisted of melting the aluminum,
raising the furnace temperature to 710–740 ◦C; once the material was melted, the stirrer
was introduced to generate a vortex. To ensure the proper agitation of the alloy, the stirrer
remained centered. In this work, particles of two different shapes and compositions (Al2O3
and TiC) were compared. In both cases, the size of the nanoparticles (equivalent diameter)
was 80 nm. The nanoparticles were introduced to the molten alloy and, to ensure their
homogeneous distribution, the stirring was maintained for 15 min. Finally, the melted
mixture was cooled down to 700–720 ◦C and poured into a steel mold preheated to 100 ◦C.
Before casting, samples were poured into standard QuiK-Cup® sand cups. The dataset for
DTA was collected using a high-speed National Instruments® data acquisition system.

3. Results and Discussion
3.1. Compositional Analysis

The elemental composition of the molten bath was analyzed using optical emission
spectrometry (OES); the results are shown in Table 1. It should be noted that in the case of
the alloy reinforced with Al2O3 (Base + Al2O3), the chemical composition is quite similar to
that of the base alloy. This is due to the fact that the spectrometer is not capable of detecting
aluminum oxides in an aluminum base alloy.
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Table 1. Elemental composition (in wt %) of the molten alloys obtained by OES.

Ref. Al Fe Si Mn Cr Ni Zn Mg Ti Sr V

Base Bal. 0.16 10.92 0.55 0.01 0.01 0.01 0.24 0.05 0.01 0.01

Base + TiC Bal. 0.19 11.31 0.54 0.01 0.01 0.01 0.25 0.10 0.01 0.01

Base + Al2O3 Bal. 0.17 11.12 0.54 0.01 0.01 0.01 0.24 0.05 0.01 0.01

3.2. Heterogeneous Solidification Model for Nano-Metric Particles

In this work, the developed mathematical model analyses the phase transformation
of the aluminum by studying the Gibbs energy, which allows the prediction of the critical
radius needed to start the phase transformation from liquid to solid [7].

The model that has been developed is based on the known equation for the homo-
geneous scenario, in which the free energy of the homogenous surface (∆Ghom) can be
expressed as:

∆Ghom = V·∆Gv + As· γ (1)

where V is the volume of the nuclei, ∆Gv is the volumetric Gibbs energy difference, As is
the superficial area of the nuclei, and γ is the surface tension. Moreover, according to the
third law of thermodynamics, the volumetric Gibbs energy can be expressed as [19]:

∆Gv = ∆Hv − T·∆S (2)

where ∆Gv is the volumetric Gibbs energy, T is the phase transformation temperature, ∆Hv
is the increase in enthalpy of the system, and ∆S is the increase in entropy of the system.

Considering that in the vicinity of the melting temperature, the liquid and solid states
coexist, the volumetric Gibbs energy difference can be expressed as:

∆Gv =
∆T·∆Hv

Tm
(3)

where ∆T is the difference between the melting and phase transformation temperatures.
Considering the mathematical deduction, the critical radius r* for the homogeneous solidi-
fication case can be calculated as follows:

r∗hom = − 2γ

∆Gv
(4)

For this specific radius, Gibbs energy can be expressed as:

∆G∗hom =
16π·γ3

∆Gv2

( Tm

∆T·∆Hv

)
(5)

Once the formulation and the methodology used for the homogeneous case are known,
in the heterogeneous nucleation model, it is assumed that nucleation occurs when the
nucleus forms on impurities or on the walls of the vessel containing the liquid. When the
melt contains solid particles, or they form from simple contact with the crucible wall or an
oxide layer, the probability of the nucleation of small nuclei increases, even with a small
number of atoms, i.e., the activation energy required for the formation of a stable nucleus
decreases. In this work, based on the shape of the introduced nanoparticles, there are three
case studies for heterogeneous nucleation (spherical, cubic, and pyramidal), in which the
critical radius equation is obtained from the derivative of the Gibbs energy equation since
the critical radius coincides with the point at which the maximum energy is reached.

3.2.1. Spherical Particles

Figure 1 shows the schematic illustration of a scenario in which the reinforcing particles
have a spherical shape.
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Figure 1. Schematic illustration of the spherical particle nucleation.

Considering the mathematical relationships obtained from Figure 1, in which θ is the
wettability angle [20], in the case of spherical particles, the Gibbs energy of the system
(∆Gsph) is defined as:

∆Gsph = ∆GV ·V + γ12 ·S12 + (γ23 − γ13) S23 (6)

where γ12 is the contact angle between the nuclei and the liquid metal, γ23 is the contact
angle between the nuclei and the spherical particle, S12 is the surface of the nucleus in
contact with the liquid, and S23 is the surface of the nucleus in contact with the spherical
nanoparticle.

3.2.2. Cubic Particles with a Nucleus on One Face

Figure 2a shows the schematic illustration of the scenario in which the reinforcing
particles have a cubic shape. In the case of cubic particles, the nucleation occurs on one
face of the cube, as shown in Figure 2b. The critical radius and Gibbs energy are obtained
by imposing the condition of a constant wetting angle.
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Figure 2. (a) Schematic illustration of cubic particles with the nucleus on one face, and (b) the detailed
section of the formation of the nucleus from the face of a cubic particle.

In the mathematical modeling of the cubic particles, the length of the cubic particle
was defined as “2c”, the distance between the center of the cubic particle and the center of
the nuclei was defined as “a”, the coordinate of the circumference inscribing the cap of the
growing nucleus was defined as Ω, and the radius of the cap on the face of the nucleating
particle was defined as X.

3.2.3. Cubic Particles with a Nucleus on the Vertex

Figures 3 and 4 show the schematic illustration of diferent possible cases in which the
reinforcing particles have a cubic shape with a nucleus on the vertex, so that, the nucleus
has developed on a corner of the particle. To keep the wettability angle constant, it assumed
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that the center of the particle moves towards the inside or outside of the cube. Due to
geometrical reasons, the minimum wetting angle is 45◦ (Figure 3b). Therefore, for lower
angle values (Figure 3a), the preferential nucleation will be on the face of the cube.
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Figure 4. Schematic illustration of cubic particles with a nucleus on the vertex. (a) Perspective view of
nucleus growth in the corner of the cubic particle; (b) Section view (A-A) for the geometric derivation
of model volumes and surfaces for this section.

In Figure 3c, the center of the nucleus and the corner of the cube (D) are the same and
the grains grew centered at the corner. As done in the previous cases, the Gibbs energy will
be obtained from the ratio of angles, contact surfaces, and volumes.

3.2.4. Pyramidal Particles

Figure 5 shows the schematic illustration of the pyramidal particles; the length of the
pyramidal particle was defined as “a”. Considering the formed spherical cap, the Girard
theorem was applied [21]. Following this theorem, if α, β, and γ are the measures in radians
of the angles of the spherical triangle ABC, on a sphere of radius r, the area of this spherical
triangle is equal to (α + β + γ − π) r2. This assumption was taken into consideration to
calculate the Gibbs energy equation for the system.
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3.2.5. Numerical Modeling

To obtain the equations to predict the critical Gibbs energy of each scenario, the
volumes and contact surfaces were obtained and substituted into Equation (1). In Table 2,
the values for the studied cubic and pyramidal cases are summarized. These values were
obtained in a similar way to the prediction made for the spherical particles.

Table 2. Calculated volume and contact surface in the function of the particle shape.

Particle Shape Volume Contact Surface

Cubic, with a nucleus on one face V = π
3 r3·(2 + cos(θ))·(1− cos(θ))2 S12 = 2π r2·(1− cos(θ))

S23 = π r2· cos(θ)2

Cubic, with a nucleus on the vertex
θ ≥ 45◦ V = 4π

3 r3 ·h1(θ)
S12 = 4π r2 h2(θ)

S23 = 3r2

2 h3(θ)

Pyramidal V = 4π
3 r3 −

√
2

12 r3
S12 =

[
5π − 3·arcos

(
1
3

)]
· r2

S23 = 3·
√

3
4 ·r

2

Here, for a cubic particle with a nucleus on the vertex, hn(θ) = an + bn cosθ + cncos2,
as follows:

n a b c
1 0.8815967897 −0.654080314 −0.5033064535
2 0.8665609048 −0.276518036 −0.4422067834
3 0.3570758524 0.7369844695 1.179334371

The developed mathematical relationships of the critical Gibbs energy and form factor
in the function of the particle shape are summarized in Table 3. These equations were
obtained from the geometries shown in Figures 1–5 and follow the methodology previously
detailed in the case of spherical particles.

Figure 6 shows the difference in the Gibbs energy curve due to the introduction of
TiC and Al2O3 nanoparticles. In the case studied, it was assumed that the wetting angle
between these particles and the AlSi10MnMg alloy was θ = 90◦. Regarding particle shape,
note that: (1) TiC nanoparticles are cubic, and (2) Al2O3 nanoparticles are spherical. In both
cases, the particles used have an approximate size of 80 nm (equivalent diameter).
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Table 3. Calculated critical Gibbs energy and form factor in the function of the particle shape.

Particle Shape Critical Gibbs Energy Form Factor

Spherical ∆G∗sph =
16πγ3

12
3∆G2

v
·Fsph(m, x)

Fsph(m, x) = 1
2

{
1−

(
mx−1

g

)3

+x3
[

2− 3
(

x−m
g

)
+
(

x−m
g

)3
]

+3mx2
(

x−m
g − 1

)}
being g =

√
1 + x2 − 2mx and x = R/r*; m = cosθ

Cubic, with a nucleus on one face ∆G∗c: f ace =
16πγ3

12
3∆G2

v
·Fc: f ace(θ) Fc; f ace(θ) = f (θ) = 1

4
(
2− 3cosθ + cos3θ

)
Cubic, with a nucleus on the vertex

θ ≥ 45◦ ∆G∗c:vertex =
16πγ3

12
3∆G2

v
· Fc:vertex(θ)

Fc:vertex(θ) = 3
[
−1
12 fcu:vertex(θ)· h1(θ) + h2(θ)

− 3
8 h3(θ)·cosθ

]
· f 2

c:vertex (θ)

Pyramidal ∆G∗pyramidal =
16πγ3

12
3∆G2

v
· Fpyramidal(θ) Fpyramidal(θ) =

√
2 (8
√

2π−1)
16π · f 3

pyramidal(θ)

Here fc:vertex(θ) =
8·h2(θ)−3h3(θ)·cosθ

8·h1(θ)
and fpyramidal(θ) =

√
2
[
12atan

( √
2

2

)
−π(cosθ+10)

]
1−8
√

2π
.
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As can be seen from the previous Figure 6, at a similar particle volume, cubic particles
are more favorable for heterogeneous solidification than spherical particles. Based on the
form factors shown in Table 3, the same effect was obtained with a pyramidal particle.

3.3. Influence of the Nanometric Particles in the Solidification Properties of the Alloys

Figure 7 shows the non-equilibrium solidification curve of the AlSi10MnMg (base
alloy). The calculation was performed using the Thermo-Calc software, using the elemental
composition obtained in Table 1. In the diagram, three different curves are plotted, obtained
with the classic Scheil model (Scheil calculator 1), the Scheil model with back diffusion in
the primary phase (Scheil Calculator 2), and the equilibrium model (dotted line).
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solidification models.

The input data of the Scheil model with back diffusion had a cooling rate of 0.2 ◦C/s
and a secondary dendrite arm-spacing of 20 µm. The data were experimentally obtained
via DTA and image analysis. As the nucleation of the nanometric ceramic particles occurred
during the first stages of solidification, an analysis of the cooling curves in the first stages of
solidification was conducted. All the curves exhibited the same solidification pattern when
the temperature was over 572 ◦C. The liquidus point was at 598 ◦C in all the curves. At this
temperature, the AlSi3Ti2 compound was precipitated from the liquid phase. At 592 ◦C,
the Al15Si2(Mn,Fe,Cr)4 phase was precipitated. Then, when the temperature cooled down
to 588 ◦C, the precipitation of the α-Al phase was initiated. At 574 ◦C, a sharp downturn
was observed in the curves. This is correlated with the precipitation of the eutectic Si
particles. The equilibrium model (dotted line) diverged from the other ones when the Si
phase was stabilized; this divergence was more visible at 573 ◦C. After this temperature,
the solidification path of this model was completely different from the other ones.

Therefore, the non-equilibrium solidification sequence of AlSi10MnMg at the begin-
ning of the solidification is as follows:

• Liquid (L)→ L + AlSi3Ti2 at 598 ◦C
• L + AlSi3Ti2 + Al15Si(Mn,Fe)4 at 591 ◦C
• L + AlSi3Ti2 + Al15Si(Mn,Fe)4 + α-Al at 588 ◦C
• L + AlSi3Ti2 + Al15Si(Mn,Fe)4 + α-Al + Si at 575 ◦C

As can be seen, in the base alloy, there are only two compounds that promote the
refinement of the microstructure, the AlSi3Ti2 and Al15Si(Mn,Fe)4 intermetallic phases.
These phases can be clearly distinguished in the non-equilibrium solidification curves
(Figure 7), as they present an almost vertical line shape.
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The experimental solidification properties of the alloys studied were obtained by
means of DTA of the solidification curves, using the first and second derivatives of the
phase-change curves. As an example, in Figure 8, the cooling curve and the first derivative
of AlSi10MnMg (base alloy) are represented. The pouring temperature (Tp), liquidus
temperature (TL), and the temperature precipitation of the Al-Si eutectic (TAl-Si) and solidus
temperature (TSol) were also marked in the curve.
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In Figure 9, the section of the solidification curve related to the undercooling is
highlighted. From the previous figure, it is possible to determine the effectiveness of the
added particles in terms of heterogeneous nucleation and, therefore, grain refinement.
This is performed by analyzing the cooling curve in detail (Figure 9). The behavior of the
cooling curve in the highlighted section gives a good indication of the effect of particle
introduction on the solidification of the alloy [17]. It is well known that the curves exhibit
little undercooling when many nucleating particles are present. It is also assumed that if
there are few nucleating particles, there will be less undercooling. Therefore, the subcooling
parameter (∆T) can be calculated using the following equation:

∆T = TG − TM (7)
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Al2O3 alloys.

The following parameters representative of undercooling are defined, thus: (TM) is
the temperature at which newly nucleated crystals have grown to such an extent that
the released latent heat goes out of equilibrium; (TG) represents the steady-state growth
temperature of the molten metal; (TN) is the start of the nucleation temperature, the
nucleation power of the particles present in the liquid metal. These previous parameters
are most easily recognized by a sudden change in the first derivative, as shown in Figure 9a.
The period required for this heating is called the recalescence period (tREC). After this time,
the molten metal heats up to the steady-state growth temperature.

The above-mentioned solidification properties of the studied alloys are summarized
in Table 4. In terms of the effectiveness of the particles, it is observed that the introduction
of the Al2O3 and TiC nanoparticles promotes a decrease in the undercooling parameter.
Furthermore, the TiC nanoparticles proved to be more effective.

Table 4. Solidification properties of the studied alloys.

Calculation Liquidus (◦C) TAl-Si (◦C) TN (◦C) TG (◦C) TM (◦C) ∆T (◦C) tREC (s)

Thermo-Calc 597 575 - - - - -

Base 598 576 577.2 568.5 566.2 2.3 68.35

Base + Al2O3 590 577 583.4 582.0 580.0 2.0 8.74

Base + TiC 591 578 584.2 582.3 580.4 1.9 9.74

4. Conclusions

With the aim of understanding the effect of introducing different ceramic particles
into a liquid aluminum alloy, a model for different particle shapes with a size of 80 nm
has been developed. TiC and Al2O3 nanoparticles were incorporated in an AlSi10MnMg
alloy. The model for heterogeneous solidification, when applied to spherical, cubic, and
pyramidal particles, allows comparison of the efficiency of different types of particles to
improve the behavior of TiC. Furthermore, based on the form factor obtained (Table 3), it
is concluded that for heterogeneous nucleation to be favorable, the introduced particles
must be spherical or cubic. In the case of cubic particles, nucleation will occur on one face
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of the particle. Otherwise, the shape factor obtained is greater than 1, which implies that
the particles do not have the tendency to act as a solidification germ.

To verify the conclusions obtained from the model, a detailed analysis of the solidifi-
cation DTA curve in the subcooling zone was carried out, and the beneficial effect of the
particles was validated and compared. The nanoparticles added to AlSi10MnMg act as a
grain refiner, even if they do not have the effectiveness of the TiB2 particles commonly used
for refining (∆T of the order of 0.1 to 0.2 ◦C) [22]. However, this improvement verifies the
correct incorporation of the nanoparticles into the primary α-aluminum phase.

For the AlSi10MnMg base alloy, the nucleation of the first germs takes place at a
temperature, TN, lower than the growth temperature, TG. However, in cases where the
alloy has been reinforced with nanoparticles, that nucleation temperature is higher than
the growth temperature, proof of a certain refining by those particles. Furthermore, the
undercooling value ∆T decreases (almost 0.4◦ for 80 nm TiC particles) and the growth
temperature TG rises and approaches the equilibrium temperature, TE.

For a similar size, considering the critical temperatures obtained for each case, TiC is
slightly more efficient than Al2O3. This is related to the fact that TiC, as TiB2, helps to refine
the grain of aluminum alloys [22].
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